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a b s t r a c t
A generalization of the circular chromatic number to hypergraphs is discussed. In
particular, it is indicated how the basic theory, and five equivalent formulations of the
circular chromatic number of graphs, can be carried over to hypergraphs with essentially
the same proofs.
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1. Introduction
This paper is concernedwith extending to hypergraphs the concepts of circular colouring and circular chromatic number
of graphs. Starting with a definition of a (k, d)-colouring of a hypergraph due to Eslahchi and Rafiey [6], a combinatorial
framework for such colourings in terms of hypergraph homomorphisms is described. This framework mirrors that of Bondy
andHell [5] for circular colourings of graphs. The same results, often in the context of uniformhypergraphs and derived using
a slightly different definition of homomorphism, have been noted by Eslahchi and Rafiey [6]. After describing the framework,
it is shown how four other formulations of the circular chromatic number of graphs, due respectively to Vince [14], Zhu [18],
Barbosa and Gafni [2] (also see the paper by Yeh and Zhu [16]), and Goddyn, Tarsi and Zhang [8] can be extended to
hypergraphs. Themodifications of the definitions involved are in the same spirit in each case, and the statements and proofs
are substantially the same as for graphs. We take this as evidence that the definition and framework used is ‘‘the correct’’
extension of this concept to hypergraphs.
This paper could be considered as a sort of survey on definitions and basic properties of circular colourings. Two
comprehensive surveys on the circular chromatic number of graphs have been written by Zhu [17,19]. Circular colourings
of graphs, including most of the results mentioned above, are also treated in the book by Hell and Nešetřil [10].
Previous work on such a generalization is due to Haddad and Zhou [9]. They considered two concepts: strong and weak
circular colourings of uniformhypergraphs. In aweak (k, d)-circular colouring of a hypergraphH , there is nomonochromatic
edge and any two adjacent vertices that are not assigned the same colour must have colours that differ by at least d with
respect to the circular norm (which is defined below). In a strong (k, d)-circular colouring any two adjacent vertices must
have colours that differ by at least dwith respect to the circular norm.
The relationship between (k, d)-colourings of uniform hypergraphs and complete uniform subhypergraphs has been
studied by Eslahchi and Rafiey [7]. Fractional colourings of hypergraphs are studied by the same authors in the same paper.
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Almost all of the results in this paper have been proved elsewhere for graphs. Since the proofs of the corresponding
results for hypergraphs are essentially the same – if not exactly the same – each result should be attributed to its originator.
Instead of repeating the same citation many times, we cite the original paper at the start of each section, and point out any
variations in the statements or proofs. The M.Sc. Thesis of Laura Shepherd [13] is an extended version of this manuscript
that includes all of the proofs.
2. Basic definitions
A basic familiarity with graphs, graph colourings and homomorphisms, and hypergraphs is assumed. An excellent
reference on graphs, colourings and homomorphisms is the recent book by Hell and Nešetřil [10]. Hypergraphs are
thoroughly treated in the book by Berge [3] and the handbook edited by Rosen [12]. A comprehensive reference on graph
theory is the text by West [15].
Webegin by noting an important subtlety. In this paper, ifH = (V , E) is a hypergraph andX ⊆ V , then the subhypergraph
of H induced by X is the hypergraph with vertex set X and edge set {e ∈ E : e ⊆ X}. That is, the edges of an induced
subhypergraph of H are the edges of H that are contained in the set X . They are not the intersections of edges of H with X .
Similarly, the subhypergraph induced by a subset Y ⊆ E has edge set Y and vertex set the union of all edges belonging to Y .
A (u, v)-walk in a hypergraph H is a finite, alternating sequence u = v0, e1, v1, . . . , ek, vk = v of vertices and edges, in
which vi−1, vi ∈ ei for i = 1, 2, . . . , k. The vertex u is the origin of the walk, and the vertex v is its terminus. The integer k is
called the length of the walk. A walk in which no vertex is repeated in the sequence (but edges can be repeated) is called a
weak path. A walk is called closed if its origin is the same as its terminus. A closed walk of length at least two in which the
vertices are distinct except for the origin and terminus and for which edges may be repeated is called a weak cycle.
If G = (V (G), E(G)) and H = (V (H), E(H)) are hypergraphs, then a homomorphism of G to H is a function f : V (G) →
V (H) such that f (e) ∈ E(H) for every e ∈ E(G). A homomorphism of G to H will sometimes be denoted by G→ H . It is easy
to see that the composition of homomorphisms G→ H and H → K is a homomorphism G→ K .
For a positive integer k, a k-colouring of a hypergraph H = (V , E) is a function c : V → Zk such that no edge of H
is monochromatic, i.e. has the same colour assigned to all of its vertices. Equivalently, a k-colouring of a hypergraph H is
a homomorphism of H to a complete hypergraph on k vertices. The chromatic number of H , denoted χ(H), is the smallest
positive integer k for which there exists a k-colouring of H .
Let k ∈ R+ and x ∈ [0, k). The circular k-norm of x is the quantity |x|k = min{x, k − x}. If [0, k) is regarded as the set of
points on a circle of circumference k, this is the distance from x to 0 by travelling around the circle.
3. (k, d)-colourings of hypergraphs
In this section the definitions of a (k, d)-colouring and circular chromatic number of a hypergraph are stated, and
equivalent formulations in termsof hypergraphhomomorphisms is described. For 2-uniformhypergraphs (i.e. graphs), these
concepts coincide with their graph counterparts. The results in this section mirror those of Bondy and Hell [5]. The same
results, often in the context of uniform hypergraphs and derived using the slightly different definition of homomorphism
described below, have been noted by Eslahchi and Rafiey [6]. These results are included so that the paper contains a
comprehensive treatment of circular colourings of hypergraphs.
If k and d are positive integers with kd ≥ 2, then a (k, d)-colouring of a hypergraph G = (V , E) is a function c : V → Zk
such that for every edge e ∈ E there exist vertices x and y in e with |c(x) − c(y)|k ≥ d. A circular colouring of G is a (k, d)-
colouring of G for some pair of integers k and d kd ≥ 2. The circular chromatic number of H , denoted χc(H), is the infimum of
all fractions kd for which there exists a (k, d)-colouring of H . Examples of circular colourings of hypergraphs are given in a
subsequent section, after some theory has been developed.
We now define a family of hypergraphs that facilitate expressing (k, d)-colourings in the language of homomorphisms.
If k and d are positive integers with kd ≥ 2, then the circular clique Hkd is defined to have vertex-set Zk, and edge-set the set
of all subsets e ⊆ Zk with size at least two such that there exist vertices x, y ∈ ewith |x− y|k ≥ d. The hypergraphs Hkd play
the same role as do the circular cliques (or fractional complete graphs) Gkd (with vertex set Zk and edge set {xy : |x− y|k ≥ d})
in the theory of circular colourings of graphs. In fact, the edges of size two in Hkd induce a subhypergraph isomorphic
to Gkd.
Proposition 3.1. There exists a (k, d)-colouring of the hypergraph G if and only if there exists a homomorphism G→ Hkd .
Thus, for anyhypergraphH , the circular chromatic numberχc(H) is the infimumof the set of ratios k/d such thatH → Hkd .
It follows from the results below that the infimum can be replaced by a minimum, as it can for graphs.
Proposition 3.2. There exists a k-colouring of the hypergraph G if and only if there exists a homomorphism G→ Hk1 .
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The definition of a (k, d)-colouring of a hypergraph first appeared in the paper by Eslahchi and Rafiey [6], who also gave
a formulation in terms of hypergraph ‘‘homomorphisms’’. They define a ‘‘homomorphism’’ of G to H as a mapping of the
vertices of G to the vertices of H such that the image of every edge of G contains an edge of H . In such mappings, the images
of edges of G belong to the hypergraph with vertex set V (H) and edge set the set of supersets of edges of H . When H is the
circular clique Gkd, then their homomorphisms to G
k
d coincide with (our) homomorphisms to H
k
d .
Since Gkd is a the subhypergraph of H
k
d induced by the edges of size two, and homomorphisms map edges to edges, it
follows that the circular chromatic number of a graph G is the same no matter if the graph or hypergraph definition of
circular chromatic number is used.
Proposition 3.3. Let G be a graph. Then there is a homomorphism G→ Gkd if and only if there is a homomorphism G→ Hkd . That
is, the circular chromatic number of a graph equals its circular chromatic number when it is considered as a 2-uniform hypergraph.
Circular colourings of hypergraphs have the monotonicity property given in the next theorem.
Theorem 3.4. Let H = (V , E) be a hypergraph. If H has a (k, d)-colouring and k/d 6 k′/d′, where k′ and d′ are positive integers,
then H has a (k′, d′)-colouring.
Corollary 3.5. If H has a (k, d)-colouring, then it has a (k′, d′)-colouring with k/d = k′/d′ and gcd(k′, d′) = 1.
Corollary 3.6. For any hypergraph H, χ(H)− 1 < χc(H) ≤ χ(H).
Corollary 3.7. Let H be a hypergraph. Then χ(H) = dχc(H)e.
The next theorem is important because it allows attention to be focused on (k, d)-colourings in which all colours are
used. This makes the task of determining the circular chromatic number a finite process by limiting the search to pairs (k, d)
with k ≤ n. Since we must always have 2d ≥ k, there are only finitely many such pairs to consider. Also, by Corollary 3.5,
it suffices to consider pairs for which gcd(k, d) = 1. In turn, this allows the infimum in the definition of circular chromatic
number to be replaced by a minimum.
Theorem 3.8. Let H be a hypergraph on n vertices. If H has a (k, d)-colouring c in which some colour is not used, then there
exist k′ ≤ k and d′ such that k′/d′ < k/d and H has a (k′, d′)-colouring.
Corollary 3.9. Let H = (V , E) be a hypergraph. If χc(H) = kd , then every colour is used in any (k, d)-colouring of H.
Corollary 3.10. If H is a hypergraph on n vertices, then
χc(H) = min{k/d : H has a (k, d)-colouring and k ≤ n}.
In particular, χc(H) is a rational number.
4. Examples of circular colourings of hypergraphs
In this section we compute the circular chromatic number of hypergraphs in various families.
First, we observe that the No-Homomorphism Lemma of Albertson and Collins [1] holds for hypergraphs with exactly
the same proof as for graphs. Its generalization, Proposition 1.22 in [10], holds in the same way. The maximum size of an
independent set in a hypergraph H (i.e. a subset of vertices that contains no edge of H) is denoted by α(H).





We first show that the circular chromatic number of Hpq is p/q. It follows that, for every rational number p/q ≥ 2, there
is a hypergraph (which is not a graph) with circular chromatic number p/q. More examples of such hypergraphs are given
below.
Lemma 4.2. The maximum size of an independent set in the hypergraph Hpq is q.
Proof. Clearly the set {0, 1, . . . , q−1} is independent, therefore themaximum size of an independent set in the hypergraph
Hpq is at least q. Let X be a (q + 1)-subset of V (Hpq ). We claim that X is not an independent set. Suppose the contrary. By
symmetry, it can be assumed without loss of generality that q ∈ X . If X contains a vertex y not in {1, 2, . . . , 2q− 1}, then X
is not an independent set as |q− y|p ≥ q. Therefore, X ⊆ {1, 2, . . . , 2q− 1}. Since |X | = q+ 1, by the Pigeonhole Principle,
some two elements a, b ∈ X are congruent modulo q. But then |a− b|p = q, so X is not an independent set. 
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Proposition 4.3. The hypergraph Hpq has circular chromatic number p/q.
Proof. If c : Hpq → Hkd is a homomorphism then Lemma 4.2, Theorem 4.1 give p/q ≤ k/d. 
A hypergraph H = (V , E)with at least one edge is bipartite if V can be partitioned into two independent sets. Clearly, H
is bipartite if and only if χ(H) = 2.
Proposition 4.4. Let H = (V , E) be a hypergraph with at least one edge. Then χc(H) ≥ 2 with equality if and only if H is
bipartite.
Let H = (V , E) be a hypergraph. We say a vertex v ∈ V is universal if every non-singleton subset of V containing v is
an edge of H . The definition of universal vertex used here is different from the one used by Eslahchi and Rafiey [6], which
involved uniform hypergraphs only. Our definition allows the corresponding theorem for graphs to carry over without any
additional hypotheses.
Theorem 4.5. If the hypergraph H = (V , E) has a universal vertex v, then χc(H) = χ(H).
Proof. Suppose χc(H) = k/d, and let c : H → Hkd be a (k, d)-colouring of H . Then, for every edge e ∈ E there exist vertices
x, y ∈ e such that d ≤ |c(x)− c(y)|k ≤ k− d. Since v is a universal vertex, {v, x} ∈ E for every vertex x ∈ V − {v}. Without
loss of generality c(v) = k− d. Thus, c(x) ∈ {0, 1, . . . , k− 2d} for every vertex x ∈ V − {v}.
Define c ′ : V → {0, 1, . . . , bk/dc − 1} by c ′(w) = bc(w)/dc. Then, since c was a (k, d)-colouring of H , for every edge
e ∈ E there exist vertices x, y ∈ e such that c ′(x) 6= c ′(y). Therefore, χ(H) ≤ bk/dc = bχc(H)c ≤ χ(H). It follows that
χ(H) = χc(H). 
A circular clique of a hypergraph is a subhypergraph which is isomorphic to Hkd for some positive integers k and d. The
circular clique number of H , denoted ωc(H), is the maximum number of vertices in a circular clique contained in H . Since a
circular colouring of H gives a circular colouring of any subhypergraph of H , the following proposition has been proved.
Proposition 4.6. Let H be a hypergraph, then χc(H) ≥ ωc(H).
A clique of a hypergraph H is a subhypergraph which is isomorphic to Hk1 for some positive integer k. The clique number
of H , denoted ω(H), is the maximum size of a clique contained in H .
Corollary 4.7. Let H be a hypergraph. If χ(H) = ω(H), then χc(H) = χ(H).
A hypergraph H = (V , E) is a complete k-partite hypergraph if there exists a partition V1, V2, . . . , Vk of V such that
E = {X : X ⊆ V , and X 6⊆ Vi, 1 ≤ i ≤ k}.
Corollary 4.8. Let H = (V , E) be a complete k-partite hypergraph. Then χ(H) = χc(H) = k.
For r ≥ 2, let H(r, n) denote a complete r-uniform hypergraph on n vertices. Since α(H(r, n)) = r − 1, Theorem 4.1
implies the following result, which was also proved by Eslahci and Rafiey.
Proposition 4.9 ([6]). We have χc(H(r, n)) = n/(r − 1) and χ(H) = dn/(k− 1)e.
Therefore, for any rational number p/q there is a uniform hypergraph with circular chromatic number p/q. A different
family of examples is provided by the next proposition.
For integers p, q and k such that p/2 ≥ q ≥ k, define Hpq (k) to be the k-uniform hypergraph with vertex set Zp and edge
set consisting of the k-subsets of Zp for which there exist xi and xj satisfying |xi−xj|p ≥ q. This is the subgraph ofHpq induced
by the edges of cardinality k.
Proposition 4.10 ([6]). For every rational number p/q ≥ 2 and any integer k ≥ 2 there exists a k-uniform hypergraph with
χc = p/q.
A (v, k, λ) difference set is a k-subset D ⊆ Zv such that the collection of k(k − 1) differences of distinct elements of D
contains every nonzero element of Zv exactly λ times. It is well known that if D is a (v, k, λ) difference set, then the set
E = {{d + i : d ∈ D} : i = 0, 1, . . . , v − 1} is the edge set of a (v, k, λ)-design, called the design developed from D. For any
prime p ≡ 3(mod 4) it is known that the nonzero squares of Zp form an (p, p−12 , p−34 ) difference set, the corresponding
design is the Payley Design. For example, D = {0, 1, 3} is a (7, 3, 1)-difference set. The design developed from D is the Fano
Plane, F .
Proposition 4.11. Let D be (v, k, λ)-difference set and let H be the design developed from D. Then χc(H) ≤ 2+ 1/b(v/2)c.
Proof. By definition of a difference set, each edge of H contains a pair of elements x and y such that |x− y| = bv/2c. Since
bv/2c ≤ v − bv/2c, the function f : V → Zk defined by f (x) = x is a (v, bv/2c)-colouring of H . 
Corollary 4.12. Let D be (v, k, λ)-difference set and let H be the design developed from D. Then χ(H) ≤ d2+ 1/b(v/2)ce = 3.
The following corollary is worthy of special note.
Corollary 4.13. The Fano Plane F has circular chromatic number 7/3.
Proof. Since χ(F) > 2, it follows that χc(F) > 2. The result now follows from Proposition 4.11. 
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5. The star chromatic number
In this section we introduce Zk-colourings of hypergraphs and describe some of their properties. This leads naturally to
the definition of the star chromatic number of a hypergraph. It is shown that the star chromatic number of a hypergraph
equals its circular chromatic number. The material in this section is based on the work of Vince [14], in which the circular
chromatic number of graphs was introduced (as the star chromatic number).
A Zk-colouring of a hypergraphH = (V , E) is a function c : V → Zk (the function c is not necessarily a proper colouring).




and ψH(c) = kµc,k(H) , where ψH(c) is taken to be infinity if µc,k(H) = 0. (The corresponding definition for graphs does not
have the max.)
For a hypergraph H with n vertices and a Zn-colouring c of H in which different vertices receive different colours,
ψc(H) = nµc,n(H) ≤ n/1 = n. Therefore, for any hypergraph H there is a value of k and a Zk-colouring, c such that ψc(H) is
finite. Notice that µc,k(H) ≤ bk/2c and
ψH(c) ≥ kbk/2c ≥ 2.








The quantity χk(H) is minimized for a Zk-colouring in which, for every edge of H , some pairs of different colours are as
far apart as possible with respect to the circular norm.
The following theorem implies that the k-chromatic number generalizes the regular chromatic number in the sense that
χ(H) = χk(H) for some k ∈ Z+.
Theorem 5.1. Let H = (V , E) be a hypergraph. If k = χ(H), then χk(H) = χ(H). If k < χ(H), then χk(H) = ∞.
Corollary 5.2. Let H be a hypergraph and k be a positive integer. If χk(H) is finite, then k ≥ χ(H).
The next result shows that, as for graphs, the (k + 1)-chromatic number of a hypergraph is no more than one greater
than the k-chromatic number.
Theorem 5.3. For any hypergraph H = (V , E), χk(H)+ 1 ≥ χk+1(H).
The star chromatic number of a hypergraph can be defined because of the theorem below. It implies that, when
determining the minimum value of χk(H), the search can be limited to the pairs (k, µc,k(H)) with k ≤ n. As for graphs,
the proof uses the fact that a continuous, real-valued function on a compact set achieves its maximum. In the graph case,
it is clear that the function in question is continuous. The proof of this fact requires a little bit more care in the hypergraph
case because of the extra max in the definition of µc,k.
Theorem 5.4. Let H = (V , E) be a hypergraph on n vertices. There exists a natural number k0 ≤ n such that χk0(H) ≤ χk(H)
for all k ∈ Z+.
Informally, the star chromatic number of the hypergraph H is the least of the Zk-chromatic numbers. Formally, if H is a
hypergraph on n vertices we define the star chromatic number as
χ∗(H) = min
1≤k≤nχk(H).
The quantityχ∗(H) can be thought of as the best possibleZk-colouring ofH . The proof of Theorem5.4 shows that allowing
the colours to be real values will not decrease χ∗(H) below the value obtained using rational colours.
Proposition 5.5. For any subhypergraph H ′ of a hypergraph H, χk(H) ≥ χk(H ′) for all k ∈ Z+ and χ∗(H) ≥ χ∗(H ′).
We now show that for any hypergraph its circular chromatic number is the same as its star chromatic number.
Theorem 5.6. For any hypergraph H = (V , E), χ∗(H) = χc(H).
Proof. LetH be a hypergraphwith circular chromatic numberχc(H) = k/d. Then there exists a homomorphism c : H → Hkd .
Note that d is the quantity such that some pair of vertices in each edge has a colour difference of at least d and no more then
k−d. As c is a proper Zk-colouring andµc,k(H) = d ∈ Z+ we have that c : V → Hkµc,k . Since, for any k ∈ Z+ the k-chromatic
number is χk(H) = mine∈E max{u,v}⊆e{ kµc,k(H) : H → Hkµc,k} and χ∗(H) = min1≤k≤n χk(H)we have χ∗(H) = χc(H). 
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6. The arc chromatic number
In this section we introduce r-interval colourings and r-arc colourings of hypergraphs and explore some of their
properties. This leads to the definition of the interval chromatic number of a hypergraph, and the arc chromatic number
of a hypergraph. As is the case for graphs, the interval chromatic number of a hypergraph equals its chromatic number, and
the arc chromatic number of a hypergraph equals its circular chromatic number. The work in this section closely follows
that of Zhu [18].
6.1. Interval colourings
Let r ≥ 1 and let Ir be the collection of open unit-length subintervals of (0, r). An r-interval colouring of a hypergraph
H = (V , E) is a function f : V → Ir such that, for each e ∈ E, there exists vertices x, y ∈ e such that f (x) ∩ f (y) = ∅. A
hypergraph H is r-interval colourable if it has an r-interval colouring. The interval chromatic number of H , denoted χI(H), is
defined to be
χI(H) = inf {r : H is r-interval colourable} .
Proposition 6.1. For any hypergraph H = (V , E),
χI(H) = χ(H) = min{r : H is r-interval colourable}.
Proof. Let c : V → {0, 1, . . . , r − 1} be an r-colouring of H . Define c ′ : V → Ir by c ′(w) = (c(w), c(w)+ 1). Each edge of
H contains a pair of vertices x and y such that c(x) 6= c(y), and for these same vertices we have c ′(x)∩ c ′(y) = ∅. Therefore,
c ′ is an r-interval colouring of H and χI(H) ≤ χ(H).
On the other hand, let c ′ be an r-interval colouring of H . Define c : V → {0, 1, . . . , r − 1} by c(w) = bw1c, where
c ′(w) = (w1, w1 + 1). Each edge of H contains a pair of vertices x and y such that c ′(x) ∩ c ′(y) = ∅ and, for these same
vertices, we have c(x) 6= c(y). Therefore, c is an r-colouring of H and χ(H) ≤ χI(H).
It follows thatχI(H) = χ(H) and the infimum in the definition of r-interval colouring can be replaced by aminimum. 
6.2. Arc colourings
Let C be a circle of circumference r and let Ar be the set of open unit-length arcs of C , with respect to a clockwise
orientation of C . An r-arc colouring of a hypergraph H = (V , E) is a function c : V → Ar such that for every edge e ∈ E there
exists a pair of vertices u and v with the property that c(u)∩ c(v) = ∅. We say that H is r-arc colourablewhenever H has an
r-arc colouring. The arc chromatic number of H , denoted χA(H), is defined to be
χA(H) = inf {r : H is r-arc colourable} .
We first show that, when the arc chromatic number of a hypergraph H is known, then for r ≥ χA(H) an r-arc colouring
of H is always possible.
Proposition 6.2. Let H = (V , E) be a hypergraph. If χA(H) = r, then for every r ′ ≥ r there is an r ′-arc colouring of H.
Let H = (V , E) be a hypergraph such that χA(H) = r . Then there exists a circle C of circumference r and a function
c : V → Ar with the property that for every edge e ∈ E there exists vertices x, y ∈ e such that c(x)∩c(y) = ∅. IfH ′ = (V ′, E ′)
is a subhypergraph of H then c restricted to V ′ is an r-arc colouring of H ′. This proves the following proposition.
Proposition 6.3. Let H ′ = (V ′, E ′) be a subhypergraph of a hypergraph H, then χA(H ′) ≤ χA(H).
Recall that by Proposition 6.1 an r-interval colouring of a hypergraph H = (V , E) is:
χI(H) = min{r : H is r-interval colourable}.
Any r-interval colouring of a hypergraph H induces an r-arc colouring of H by closing the interval to form a circle of
circumference r . The following proposition gives a partial converse to this statement.
Proposition 6.4. Let H = (V , E) be a hypergraph and r be a real number. If H is r-arc colourable, then H is (r + 1)-interval
colourable.
Let C be a circle of circumference r and let c be an r-arc colouring of a hypergraph H = (V , E). Let V = {v1, v2, . . . , vn},
and for 1 ≤ i ≤ n let c(vi) = (xi, xi + 1). For each edge e ∈ E and vertices vi, vj ∈ e, define
de(vi, vj) =
{|xj − (xi − 1)|r , if c(vi) ∩ c(vj) = ∅
∞, otherwise.
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Let de = min{vi,vj}⊆e de(vi, vj) and let
X = {(vi, vj) : de = de(vi, vj)}.
Define D = Dc(H) to be the directed graph with vertex set V (D) = {v : (v, z) ∈ X, for some z ∈ V (H)} and let the arc
set be defined by E(D) = {(vi, vj) : de(vi, vj) = 0}. When H is 2-uniform the definitions of de and D coincide with the
corresponding notions for graphs.
We shall show that for finite hypergraphs the infimum in the definition of the arc chromatic number is attained (i.e. it
can be replaced by a minimum) and that this number is always rational. We will need the following lemma.
Lemma 6.5. Let H be a hypergraph and c an r-arc colouring of H. If Dc(H) is acyclic, then there is an r ′-arc colouring c ′ of H
such that r ′ < r and Dc′(H) contains a directed cycle.
Theorem 6.6. Let H be a hypergraph. If χA(H) = r, then r = k/d, where k, d ∈ Z+.
A subtlety in the proof of the above theorem arises from the fact that each edge of H can give rise to several arcs of the
digraph Dc(H). Thus, cycles in D do not necessarily arise from cycles in H . If weak cycles are used instead, then the proof is
essentially the same as in the graph case.
Corollary 6.7. Let H be a hypergraph. If χA(H) = k/d, then k is at most the length of a longest weak cycle in H, and d is at most
the maximum size of an independent set in H.
It follows from Corollary 6.7 that the infimum in the definition of the arc chromatic number can be replaced with a
minimum.
Proposition 6.8. Let H be a hypergraph, then
χA(H) = min {r : H is r-arc colourable} .
Theorem 6.9. For any hypergraph H, χA(H) = χc(H).
Proof. Consider the hypergraphHkd and define c : V (Hkd)→ Ak/d by c(x) = (x/d, x/d+1). Every edge ofHkd contains vertices
x and y such that d ≤ |x− y| ≤ k− d. For this x and y, 1 ≤ |x/d− y/d| ≤ (k− d)/d = k/d− 1 therefore, c(x) ∩ c(y) = ∅.
If χc(H) = k/d, then there exists a homomorphism h : V (H) → V (Hkd). Hence, c ◦ h is a (k/d)-arc colouring of H and
χA(H) ≤ k/d = χc(H).
On the other hand, define f : Ak/d → V (Hkd) by f ((x, x + 1)) = bxdc. Suppose (x, x + 1) ∩ (y, y + 1) = ∅, then
1 ≤ |x− y|k/d ≤ k/d− 1. Therefore, d ≤ |f ((x, x+ 1))− f ((y, y+ 1))|k ≤ k− d. If χA(H) = k/d, then there exists an r-arc
colouring c : V (H)→ Ak/d. Thus f ◦ c is a homomorphism and χc(H) ≤ k/d = χA(H). 
6.3. Interlaced colourings
Another view of both interval and arc colours is that each vertex in H is assigned an interval, respectively an arc, of
length d, where each edge of H contains a pair vertices receiving disjoint intervals, respectively arcs. In the full generality
then we may consider a d-tuple colouring of H as an assignment of d-tuples (of integers) to the vertices of H , where each
edge contains a pair of vertices receiving disjoint d-tuples. (See fractional colourings and Kneser graphs in [10].) In this spirit,
another colouringmodel is the so-called interlaced colourings. Given two d-tuples of nonnegative integers, x1, x2, . . . , xd and
y1, y2, . . . , yd, the d-tuples are interlaced if
x1 < y1 < x2 < y2 < · · · < xd < yd.
An interlaced d-tuple k-colouring of a hypergraph H is an assignment of d-tuples over Zk to the vertices of H , such that for
each edge e, there exist vertices u, v ∈ e where u and v are assigned interlaced d-tuples. Clearly, such a colouring can be
defined as a homomorphism to an appropriately defined target hypergraph I(k, d) with vertex set (Zk)d and edge set the






: H → I(k, d)
}
.
It turns out that the circular chromatic number and the interlaced chromatic number are equal. This follows from a
result of Yeh and Zhu [16], which we state here for hypergraphs. (The proof in it carries directly to the hypergraph setting.)
Hypergraphs G and H are homomorphically equivalent if there exist homomorphisms G→ H and H → G.
Theorem 6.10. The hypergraphs Hkd and Ih(k, d) are homomorphically equivalent.
Corollary 6.11. For all hypergraphs H, we have χc(H) = χi(H).
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7. An analogue of a theorem of Minty
In this section we introduce orientations of hypergraphs and define the imbalance of a weak oriented cycle. We explore
the relationship between the imbalance and the circular chromatic number of a hypergraph and deduce a classical result of
Minty [11] regarding the chromatic number. The work in this section closely follows that of Brewster and Hell [4], who gave
the first graph theoretic proof of a theorem found by Goddyn, Tarsi and Zhang [8].
There are a number of definitions of an orientation of a hypergraph in the literature: an orientation of an edge is a tuple;
an orientation of an edge is a partition of its vertices into at least two parts; and an orientation of an edge is a partition of
its vertices into a head and a tail (perhaps one of these has size one). We tried each of these with respect to generalizing
the results presented in this section to hypergraphs. In each case, we could not see how to obtain the same results as in the
graph case with essentially the same proofs (or, any proofs), even if weights were used, except for certain special classes
like linear hypergraphs. Thus, our justification for the approach below is that it does work, in full generality.
Let H = (V , E) be a hypergraph and e ∈ E. An orientation of e is an acyclic digraph (V (e), e′) such that |e′| ≥ 1. The
hypergraph H is oriented if each edge has an orientation. A subarc of e is an ordered pair uv ∈ e′.
Let H be a hypergraph and let H ′ be an orientation of H . An oriented weak cycle in H ′ is simply a weak cycle in H . Let
C = v1, e1, v2, . . . , vk, ek, v1 be an oriented weak cycle in the oriented hypergraph H . For i = 1, 2, . . . , k, if vivi+1 ∈ ei′ then
vivi+1 is a forwards subarc of C , and if vi+1vi ∈ ei′ then vi+1vi is a backwards subarc of C. Note that it is possible that neither
vivi+1 ∈ ei′ nor vi+1vi ∈ ei′. We define the positive flow of C , denoted C+, to be the number of forwards subarcs of C and the











if vivi+1 ∈ ei′ or vi+1vi ∈ ei′, 1 ≤ i ≤ k,
1 otherwise,
wherewe define imbalH ′(C) = ∞ if either C+ or C− is zero.We define the imbalance of H ′ as imbal(H ′) = maxC {imbalH ′(C)}
where the maximum is taken over all weak cycles C . Given an orientation H ′ of H = (V , E), define K(H ′) to be the oriented
graphwith vertex set V (K(H ′)) = V and edge set defined as follows. An arc uv is in E(K(H ′)) if and only if uv is a subarc ofH ′.
Proposition 7.1. Let H ′ be an orientation of the hypergraph H. Then the imbalance of H ′ equals the imbalance of K(H ′).
Proof. By the construction of K(H ′) there is a one-to-one correspondence between oriented cycles inH ′ and oriented cycles
in K(H ′), this correspondence preserves the imbalance. 
Recall the graph Gkd is defined to be the graph with vertex set Zk and edge set {uv : |u− v|k ≥ d}. The next result shows
that if H ′ is an orientation of the hypergraph H and the imbalance of H ′ equals p/q, then H has a (p + q, q)-colouring. We
will need the following result by Brewster and Hell [4].
Theorem 7.2 ([4]). Let D be an oriented graph. If the imbalance of D equals p/q, then D→ Gp+qq .
Proposition 7.3. Let H ′ be an orientation of the hypergraphH. If the imbalance of H ′ equals p/q, thenH has a (p+q, q)-colouring.
Proof. By Proposition 7.1 if the imbalance of H ′ equals p/q, then the imbalance of K(H ′) equals p/q. By the above theorem
there exist a homomorphism f : K(H ′)→ Gp+qq . This is a (p+ q, q)-colouring of K(H ′). Every edge of H contains at least one
pair of vertices arising from an edge of K(H ′) hence, f is also a (p+ q, q)-colouring of H . 
Corollary 7.4. For any hypergraph H, χc(H) ≤ imbal(H)+ 1.
Proof. By Proposition 7.3 if imbal(H) = p/q, then H has a (p + q, q)-colouring. Since χc(H) = min{p/q : H is (p, q)-
colourable}, χc(H) ≤ p/q+ 1 = imbal(H)+ 1. 
Wenowshow that, for anyhypergraphH , the circular chromatic number is always at least one greater than the imbalance.
The following theorem by Brewster and Hell [4] is required.
Theorem 7.5 ([4]). Let D be an oriented graph. If D has a (p + q, q)-colouring, then the imbalance of D is less than or equal to
p/q.
Theorem 7.6. Let H = (V , E) be a hypergraph. If χc(H) = p/q + 1, then there exists an orientation of H with imbalance less
than or equal to χc(H)− 1.
Proof. Suppose χc(H) = p/q + 1. We construct an orientation H ′ of H as follows. Let e ∈ E. For vi, vj ∈ e where
q ≤ c(vi) − c(vj) ≤ p we direct vj to vi. That is, for every pair of vertices vivj ∈ e having colour difference between q and
p inclusive, add an arc from the vertex of smaller colour towards a vertex of larger colour. Since c is a (p + q, p)-colouring
every edge ofH contains at least one arc. Further, since arcs go from vertices of smaller colour to vertices of larger colour, this
gives an orientation of e, and therefore of H . Since K(H ′) is (p+ q, q)-colourable, by Theorem 7.5, the imbalance of K(H ′) is
less than or equal to p/q. Hence, using Proposition 7.1 we obtain that imbal(H) is less than or equal to p/q = χc(H)− 1. 
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Theorem 7.6 and Corollary 7.4 imply the following:
Corollary 7.7. For any hypergraph H,
χc(H) = 1+ imbal(H).
Corollary 7.8. For any hypergraph H,
χ(H) = 1+ dimbal(H)e.
Acknowledgement
NSERC supported the research of all the authors.
References
[1] M.O. Albertson, K. Collins, Homomorphisms of 3-chromatic graphs, Discrete Mathematics 54 (1985) 127–132.
[2] V.C. Barbosa, E. Gafni, Concurrency in heavily loaded neighbourhood constrained systems, ACM Transactions on Programming Languages and Systems
11 (1989) 562–584.
[3] C. Berge, Hypergraphs: Combinatorics of Finite Sets, North-Holland, Amsterdam, 1989.
[4] R. Brewster, P. Hell, Homomorphisms to powers of digraphs, Discrete Mathematics 244 (2002) 557–569.
[5] J.A. Bondy, P. Hell, A note on the star chromatic number, Journal of Graph Theory 14 (1988) 479–482.
[6] C. Eslahchi, A. Rafiey, Circular chromatic number of hypergraphs, Ars Combinatoria 73 (2004) 239–246.
[7] C. Eslahchi, A. Rafiey, C-perfect K -uniform hypergraphs, Ars Combinatoria 79 (2006) 235–244.
[8] L. Goddyn, M. Tarsi, C.Q. Zhang, On (k, d)-colorings and fractional nowhere-zero flows, Journal of Graph Theory 28 (1998) 155–161.
[9] L. Haddad, H. Zhou, Star chromatic numbers of hypergraphs and partial Steiner triple systems, Discrete Mathematics 146 (1995) 45–58.
[10] P. Hell, J. Nešetřil, Graphs andHomomorphisms, in: Oxford Lecture Series inMathematics and its Applications, vol. 28, Oxford University Press, Oxford,
2004.
[11] A. Minty, A theorem on n-colouring the points of a linear graph, The American Mathematical Monthly 69 (1962) 623–624.
[12] K.A. Rosen (Ed.), Handbook of Discrete and Combinatorial Mathematics, CRC Press, Boca Raton FL, 2000.
[13] L. Shepherd, The circular chromatic number of hypergraphs, M.Sc. Thesis, Department of Mathematics and Statistics, University of Victoria, Victoria,
B.C., Canada, 2005.
[14] A. Vince, Star chromatic number, Journal of Graph Theory 12 (1988) 551–559.
[15] D.B. West, Introduction to Graph Theory, Prentice Hall, New Jersey, 1996.
[16] Hong-Gwa Yeh, X. Zhu, Resource-sharing system scheduling and circular chromatic number, Theoretical Computer Science 332 (2005) 447–460.
[17] X. Zhu, Circular chromatic number, a survey, Discrete Mathematics 229 (2001) 371–410.
[18] X. Zhu, Star chromatic number and products of graphs, Journal of Graph Theory 16 (1992) 557–569.
[19] X. Zhu, Circular colourings of graphs, in: M. Klazar, J. Kratochvil, M. Loebl, J. Matousek, R. Thomas, P. Valtr (Eds.), Topics in Discrete Mathematics:
Dedicated to Jarik Nešetřil on the Occasion of his 60th Birthday, in: Algorithms and Combinatorics Series, vol. 26, Springer, Heidelberg, 2006.
